
Minimal Model Program
Learning Seminar .

Week 7 :

• rational singularities .

.

• log terminal singularities .

• terminal 3 - fold singularities .



Geography of singularities :

orbifold

symplectic quotients
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• : From definition or easy implication
.

• i Requires a (short ) argument .

• i Requires some real work .

Properties : Closed under quotients ? X → XIG

Closed under deformations ? HEX

hit C htt

when H is general.



Cohen - Macaulay :

(Rim ) Noetherian local
my ,

N be a finite R- module .

JimN - Jim Supp N . N is called Cohen - Macaulay if one of the

equivalent conditions holds : (CM for short) .

is There exists as . . . , acre rn ,
r - drinks ai is not azero

divisor

in N1 Lacs. . . . . xi - e) N for all i .
(Kc. . - man is called a N - regular sequence ) .

in If us .
. .

.

, areM Cr- dm N ) and Jim N1 Cxs. . . . , xr IN -0 ,

then xs
.
. .

.

. xr is an N -
reg sequence

A coherent sheaf of on a scheme X is CM
. if Fx is CM

over Oxen for every KEX.

A scheme X is called CM if its structure sheet Ox is OM

Serre condition : A sheaf Fon X is said to satisfy Sd

it for every
KEX

,
Fx has a regular sequence of length

min { S dim Ox
,
al

.

I -- Jinx
,
then X is CM ←→ Ox is Sd .



Examples : Normal Les Rg t Sr , so normal surfaces are CM

/

If R is CM and Gado on Rs then RG is CM (Hochstein - Roberto)

KERI /cx2) o - dim CM .

Rft' , Es] I - Jim All .

X- que CESEasy] /Cx3xyD•/ This is not CM at the
organ

Rational singularities : Y is a variety over a field of char o .

X# Y is a resolution of sing
.
We
say

that f is rational of

ch f * Ox = x ( T normal )

Cz ) th "

f * 6×-0 for iso
.

Ci =L
, I - rational ) .

We
say

that Y has rational
sing if every

resolution is rational

Equivalents : Oy → R'
'

f. Ox is a quasi - isomorphism in the der eat .

Examples : An singularities . are rational Xt Y - An

f- (ke ) - Kx

Cone over elliptic curve not rational
.



Symplectic : Yay symplectic if Y is normal at
y

and

Trey there a symplectic 2- form which extends on any
reoowbi.mn

×

12*6

DuBois : X E Y embedding of a scheme into a regular scheme

2-→ T log resolution of X which is an room outside X
.

E the reduced preimyo of
X in Z

.

X has DuBois
org

if DX → Rtx OE is a g.
i .

Rmk : DB singularities appear often m Hodge theory .



Remarks : • Serre duality holds for ON shearer .

• HEX Carter & H is CM ⇒ X is CM .

Proposition : Y be a variety over a field of charo
.

fix→ T a resolution
.

TFAE :

is f is rational
.

in Y is CM & faux - Wx.

Proof i Y projective , D ample Carbon on Y
.

Hi CX
, Wx Crf * D )) -0 , no , no .

Hn - i (X , ①× C-rf
-DJ ) to izo , no .

The Leroy spectral sequence :

Ei'd = H' (Y, R' f*6xC-RD))→ Hitdcx, O×frf*D ))



The Leroy spectral sequence :

Ei'd = H' (Y, Rifxllxc-RD))→ Hitdcx, O×frf*DD

it → iis µ Lspeobl

By rationality aormpbon : -

Hilt , @+ C-ro) ) = Hi CX , Ox C-rt -D )) for iso

Claim : Hi CY, Oy fro )) - o for ien & rsso
-

→ Y is CM
.

⇐ is also true C. proved later on the boost
.

Proof : HE Ir 'DI general element . .
H Carter

O→ Oy C-Gtr'sD ) Oy Gro)→ On C-RD) -20

By the vanishing , we get Hi CH , OH C- rDD=o

kn -I & r >so . Thus
, by induction H is CM .

HEY is CM & Carlier , hence T is CM
D p,

holy , WI Croll - hocx.wxcrt.DD-WG.fi#Cr0D

This implies faux - wie .



iis⇒ it By induction on the dimension

Claim : Rif* Ox are supported in o- dim sets -

Proof : HEY general , H
'
- f-

'

H , fi H
'
→ H roohbon

.

#
WH

f-* WH ' = f * (Wx CH ' ) OH ' ) - OH CHI faux - Ouch) air

By induction , we see that On ⑥ Rita Ox - Rif * One ⇒

is trivial outside a zero
dimensional set .

Therefore HP (Y
, Riffa Ox C- rt)) -o pcgzo or if pen &q=o .

By the spectral sequence
weget ' re Hou . rn

- ' f.Oxorosl

titty
, pitfoioxoo. Oy troll -o F"' !¥¥¥¥ ,

HEY, R"
- '

f*0×C-RD )) = I,

Ker [ Hh ly,@yC-rDJ1-dsHYx.ca, c- rf * Dy)
"""" 0×40"

gcn-L

Pitt * Ox hw o- dm supp
& Cixi implies that Bff* Ox -o.

On the other hand d is the dual to :

Holy
,
we Cro )) → Ho (X.wxcrf-DD = HTT. faux CRD))

since Wy E ft Wx .
Then 2 is an room

. Rh
- '

f a Ox -o . LT



Lemma : (X ,I) is htt , H is bpf , Hg c- IHI
general element.

Then CH ,
AH ) is htt . Game for Ic ) .

Lemma : Y# X f-mite , Htt de - f-
*

Ckxta) then

(provided both of them are log parrot .

(Xia ) Ht ←→ Chat ) hit

(Xia) Ic a CT, Ix) k

Idea of the proof :
Use Riemann - Horwrtg formula on a log

resolution to compare the discrepancies & observe

QE CX , 'Ll ) = r OLE CY, dy)

for some pork've integer bomber r- Cr is some ram index) .



Theorem (Elisir 81 ) : CX ,4) It , then X has rat sing .

Proof : Ky Ef
"

Ckx ta) t A - B T→X log resolution

Sopp CB ) E Excel , LAI - o.

By KY vanishing R' f- * Oy CTBI ) -o for jso .

-

L ample Carlow on X . We have a comm Agram :

HiCQC-rf.LI)→ Hi Cox ( TBI - rf*L ))
o
"

n n

\ / p is an isomorphism
by spectral

Hi Cox C- ra))- Hic × Gregg sequence
.

Hi (X , Ox C-RL ) ⑥ R'f. Ox (TBI )) → H'tilt . QC TBI - rf*L ))

Hilley fr.f*L )) -0 for Lil & no by KY vanishing .

We want to conclude that Hi Cox C-re )) -o for
-

820 , is.nl
Hence X is CM .

Weget the injection

HYO× C - RL )) - H " (Qe C-rf*L )) .

By some duality Holt
,
we Crf-L ))→ HEX, wxoxoxcral)
11 77

Ho (X. fawns • Ox Cra ))
/

r>so



The surgedrvity
Ho (X , f * we Ox CRL ))→> HEX, wx⑥O×CrL ))

for raso implies that f-* Wx→ Cox
.

So they are isomorphic Crank 's reflexive shower ) .

Thu , X has rational
sing

.

a

Proposition : X Ctorerotcin (Kx is Carter ) . Rational ⇐ Canonical .

Proofi.canonical ⇒ Jlt ⇒ rational
.

X rational & Gorenstern . Y↳X a resolution

to thx ) = HxtE-Fy integral so with no common support .

If we push - forward KetE- F & Eto ,
then weget

uncrated
primer on the image qf

E .
. This contradicts Rx Wx⇐Wx'

o

Proposition : Symplectic ⇒ rational & G-Orenstein .

y wow,

Proof : If e is a 2- form .
then let generate ng

the l
reg . The fact that Rae extend as

×

a regular holomorphic form → THE " extends
jaw> = www.c.rs.

Hence , the Wy s Tha (R' Er ) = ee ' = Wx -
o



Characterization of G-orenstein :

⇐
(Rim ) local

ring
is Gorenstein #

these exists a regular sequence as . - .
.

. ar ouch that

Rlcos . .
. .

, cars R is Goren . tem O - Jim

Nakayama's Lemma → RICO-s . . - i. Qi JR is G-orenstein for every i .

Lemma : Let COEX ) be an index L canonical 3- fold song .

and OEHEX ageneral hyperplane section
.

Then
,
either

(ooh ) is a DuVal song or an elliptic song .

Idea : H ' Is H

RH WH ' = M WH m=L , then it or DuVal

mst . is an elliptic song

Theorem : All terminal 3 - fold sing of index L - are CDV
.

( = one parameter deformation of a DuVal org ) .



Symplectic examples .

G " , A E G-Ln Cdc ) a finite group .

② YG is a quotient my .
Hence htt .

G- E Sten I
, we can show that GMG is a sympl say

If REX is a cone and is symplectic ,
then

is isomorphic to a Lie group quotient by the smallest

non -zero nilpotent orbit .



Terminal 3- fold singularities :

Theorem : Let Coe X ) be a normal isolated 3- fold sing .

Assume Hx is On - Carter of index r and 6-e5 ) ⇐ Coax)

be the index one cover . The
group per of rth - roots of unity acts on I -

CH GEX) is terminal if and only if a general member Hel
- kxl

.

Containing O is DuVal
.

(2) The following is a complete list of all IIe - to CHI , H

and the action of fer on 194 .

name type of IT→ H r type of action
CAIR Air -i → Akr- I f Ilir ca, - an idiot

cAx/2 Hawn → Diaz 2 112 ( 021,1 , Lio )

c.Asch Awaz → Darts 4 114 (Ish 3,2 I 2)

CDH Dirt . - Dar 2 112 ( 1,0 if it i o )

CDK Dq→ EG 3 113 Cori I. Ii O )

CE12 Eo → Ey 2 112 Cho , I. Li O ) -

Hr Cas . . . . aaib) means that the orator 5 of per acts on the

coordinates as, . . . ,x4 & on the equation f asi

(ace , . . . , Kaif ) 1-5 (Sa Xs . . .
., so
" Kei Sbf ) .



Some
.
useful statements about terminal 3-fold sing

:

Theorem ( Hayakawa) : For a terminal 3- fold singularity PEX

of index r > I , there exists a partial resolution .

Xn → . .
.

→ X , → Xo - X ⇒ p

such that Xn is G-orenstein and each fi : Xo ti → Xi is a divisoris
contraction to a point of index rose , with extracted tremor of

log discrepancy Hri .
All the fi are weighted blowups .

Theorem ( Kohat -Mon ) : Let X be a terminal 3-fold and

E :X→ Z be a flipping contraction . Then
,
there is a singular point

on the flipping lows .

Remark : The above theorem is crucial to prove the termination

of terminal 3 -fold flops : Terminal 3- folds have isolated singularities .

To prove that flips terminate , we will associate a weight function
which counts certain contribution from each singular point ( thus function ,

called the difficulty junction is non - negative ) . Then , we prove that
this

contribution of the song drops droentely which each flip . Hence
,

flips most terminate

In dimension 34
,
there are examples of

"

smooth" flips , ice,

flips where the flipping lows is contained in the smooth lows

of the variety.



Examples of singularities :
Terminal & not smooth : softy'tEt w

'
so.

(terminal 3 - fold ) .

Canonical & not terminal : x2ty2tz
"
so

.

Htt & not canonical : 1946 with GIGLIO ) not in Sla Call .

Ht of not hit : (At , Hit Hz)

Ic & hot tht i come over elliptic curve .

rat & not alt i come over elliptic Inhalation

CMT DB & not rat : cone over elliptic curve .

quotient & not symplectic : 1646 with GE Ghia ) not in Sla call .


